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Effects of the common-flow-up pair produced by vortex generators in a rectangular channel flow on
fluid flow and heat transfer are numerically investigated. In order to analyze the common-flow-up
pair, the pseudo-compressibility method is introduced into the Reynolds-averaged Navier–Strokes
equations for a three-dimensional incompressible viscous flow. A two-layer k– e turbulence model
is applied to a three-dimensional turbulence boundary over a flat plate to predict the flow structure
and heat transfer characteristics of the common-flow-up pair and to resolve the near-wall flow.
Results reasonably predict the flow structure of the common-flow-up pair, such as secondary veloc-
ity vectors and turbulent kinetic energy contours. Also, in the prediction of thermal boundary layers,
skin friction characteristics and heat transfer characteristics, the present results are reasonably close
to the experimental results of other researchers even though some discrepancies are observed near
the center of the vortex core.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Longitudinal vortices are produced along their side edges by the
flow separation due to the pressure difference across vortex gener-
ators. These vortices cause a rotating motion around the stream-
wise direction, and enhance heat transfer by mixing the fluids
close to and far from the wall. Therefore, longitudinal vortices gen-
erated by vortex generators are extremely useful in many fields of
engineering applications, such as the design of compact heat
exchangers, cooling of hot steel plates, and automotive and aero-
space industry.

Many experimental studies on the fluid flow and heat transfer
related to the interaction between vortices in a turbulent bound-
ary layer have been carried out. Eibeck and Eaton [1] conducted
experiments on longitudinal vortices embedded in a turbulent
boundary layer and found that the longitudinal vortices have an
influence on heat transfer enhancement significantly. Metha and
Bradshaw [2] reported two types of flow patterns induced by vor-
tex generators with changing angles of attack; the flow between
vortices is directed either away from the wall, common-flow-
up, or toward the wall, common-flow-down. Tigglebeck et al.
[3] had a thorough analysis about the influence of the geometry
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of the vortex generators in a rectangular channel flow. Their re-
sults showed that the delta winglet pairs present better heat
transfer results. Effects of an external delta wing vortex generator
on the flow and heat transfer characteristics in fan flows and uni-
form flows were experimentally investigated by Chen and Shu
[4]. It was observed in their experimental results that the increase
in the turbulent kinetic energy by the delta wing has little effect
on heat transfer in the inherently vertical fan flows. Pesteei et al.
[5] measured local heat transfer coefficients on a fin-tube heat
exchanger with winglets using five different positions of winglet
type vortex generators and found that the experimental results
show a substantial increase in heat transfer with winglet type
vortex generators. Pauley and Eaton [6] observed that increasing
the spacing of vortex generators in the common-flow-up pair pro-
duces a dramatic increase in heat transfer enhancement since
vortices with larger spacing are less able to be convected away
from the wall, and reported that in the case of increasing the
spacing of vortex generators the common-flow-up pair also has
the same peak and minimum heat transfer coefficient as observed
for the common-flow-down pair.

With experimental studies, numerical studies focusing on the
interactions among vortices and boundary layers have been car-
ried out using the vortices generated by vortex generators as
models. Numerical simulations of turbulent flows in a rectangu-
lar channel with mounted vortex generators on the bottom wall
were performed by Zhu et al. [7]. The flow field was computed
by solving the Reynolds-averaged Navier–Stokes and energy
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Nomenclature

b height of a half-delta-wing
B width of a rectangular channel
C chord length of a half-delta-wing

Cf skin friction coefficient ¼ sw=
1
2 q1U2

1

� �
Cp specific heat
k turbulent kinetic energy
p pressure
P Pee-function
Pr Prandtl number
Prt turbulent Prandtl number
_q constant heat flux
Re�D Reynolds number based on the spanwise average en-

thalpy thickness
St Stanton number ¼ _q

q1CpU1DT

� �
Stsa spanwise average Stanton number ¼ 2

B

R B=2
0 Stdz

� �
t time
T temperature
u,v,w velocity components
U,V,W velocity components

x, y, z Cartesian coordinates
X, Y, Z Cartesian coordinates
y+ nondimensional distance from the wall in the law of the

wall

Greek symbols
a angle of attack of vortex generator
b semi-apex angle of vortex generator
e dissipation rate of turbulent kinetic energy
m kinematic viscosity
mt turbulent kinematic viscosity
q density
s shear stress
D enthalpy thickness ¼

R1
0

UðT�T1Þ
U1ðTw�T1Þdy

� �
�D spanwise average enthalpy thickness ¼ 2

B

R B=2
0 Ddz

� �
Subscripts
w wall
sa spanwise average

* friction
1 freestream
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equations, and turbulence was taken into account by solving the
standard k–e model equations with the wall law. Kim and Patel
[8] performed experimental and numerical studies of the inter-
action between the vortex and the turbulent boundary layer
generated in the duct with flat plates and curvatures. Numerical
and experimental investigation of flow structure and heat trans-
fer effects of longitudinal vortices in a channel flow was reported
by Biswas et al. [9]. They concluded that the winglet vortex gen-
erator shows great promise for enhancing the heat transfer rate
in a plate-fin crossflow heat exchanger. Lee et al. [10] studied
heat transfer characteristics and flow structure in turbulent
flows through a three-dimensional turbulent boundary layer
containing built-in vortex generators by using the Navier–Stokes
equation and Reynolds stress transport equations. They con-
cluded that the RSM can produce more accurate predictions to
capture anisotropy of the turbulent intensities than the standard
k–e model. Chen et al. [11] studied heat transfer enhancement of
a finned oval tube with staggered punched longitudinal vortex
generators and concluded that winglets in staggered arrange-
ment bring larger heat transfer enhancement than in in-line
arrangement since the longitudinal vortices from the former
arrangement influence a larger area and intensify the fluid mo-
tion normal to the flow direction.

As mentioned above, most of the experimental and numerical
studies were to investigate the flow structure and heat transfer
caused by the common-flow-down. In the case of the common-
flow-up, however, only the investigation related to the flow struc-
ture was attempted restrictively.

In the present study, three-dimensional numerical analyses
are performed for understanding not only the flow structure
but also heat transfer generated by the common-flow-up. In
order to analyze the fluid flow and heat transfer, the flow
field just behind the vortex generators is modeled by the
information obtained from studies on a delta wing. The flow
field and heat transfer are solved by the three-dimensional
Reynolds-averaged Navier–Stokes equations and energy equa-
tions for an incompressible fluid. Turbulence is modeled by
a two-layer k–e turbulent model to resolve the near-wall flow.
The computational results are also compared with those of
the experiment of Pauley and Eaton [6] for numerical simula-
tion validation.
2. Numerical analysis

2.1. Governing equation

The three-dimensional Reynolds-averaged Navier–Stokes and
energy equations related to the eddy viscosity concept are used
to investigate the flow field and heat transfer characteristics by
the common-flow-up pair. These equations can be expressed as
Continuity equation
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The turbulent kinetic energy k and the rate of energy dissipation e
are computed from a two-layer k–e turbulent model.
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G denotes the production rate of k and is given by
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and mt ¼ Cl

k2
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The coefficients are as follows:

Ce1 ¼ 1:44;Ce2 ¼ 1:92;Cl ¼ 0:09;rk ¼ 1:0;re ¼ 1:3:
2.2. Numerical methodology

The turbulence model and the initial and boundary conditions
are only treated because detailed descriptions of the numerical
method employed in the present study, such as pseudo-compress-
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Fig. 1. Schematic of vortex generators: (a) angle of attack of a vortex generator; (b)
layout of common-flow-up.

Fig. 2. Solution domain and boundary conditions: (a) physical domain; (b)
computation domain and boundary conditions.
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ibility method and discretization and computation methods for
solving the governing equations, are given in Kwak et al. [12].

2.2.1. Turbulence model
A two-layer turbulence model consisting of an inner layer

and an outer layer is adopted: A one-equation model is used
in the inner layer, and the standard k–e model is used in the
outer layer [8]. The one-equation model used in the inner layer
needs only the solution of turbulent kinetic energy. In the inner
layer, the eddy viscosity mt is equal to Cl

ffiffiffi
k
p

ll, and the dissipa-
tion ratio of turbulent kinetic energy e is equal to k2/3/le. The
length scales, ll and le, are used to give a damping effect in
the near-wall according to the turbulence Reynolds number

Ry ¼
ffiffiffi
k
p

y=m
� �

.

ll ¼ Cly½1� expð�Ry=70Þ� ð7Þ
le ¼ Cly½1� expð�Ry=2ClÞ� ð8Þ

The constant Cl is given as jC�3=4
l for a smooth eddy viscosity

distribution at the intersection of the inner and outer layers, where
j is the von Karman constant. This two-layer model can be used in
the flow separation because the characteristic velocity near the
wall is provided by turbulent kinetic energy rather than wall shear
stress. Also, it does not require any boundary conditions for the
computation of the dissipation ratio.

2.2.2. Initial and boundary conditions
According to Phillips and Graham [13], the velocity in the

streamwise direction behind a vortex generator represents a
Gaussian distribution, and the velocity in the circumferential direc-
tion appears as a Rankine vortex and the image of the Rankine vor-
tex. Under these assumptions, the distribution of the axial velocity
behind the vortex generator is given by

U� ¼ UðrÞ
U1
¼ 1� expf� ln 2ðr=rcÞ2g ð9Þ

The circumferential velocity is assumed to be the form

Vh ¼
ðVhÞc r

rc
for rhrc

ðVhÞc rc
r for rirc

(
ð10Þ

where (Vh)c is the maximum circumferential velocity, rc is the half-
radius of the vortex, C is the chord length of the vortex generator,
and rc = 0.018C, (Vh)c = 0.501U1 and Cc = 0.34U1C are obtained
from Polhamus [14].

When the vortices with the above velocity distribution are
introduced into boundary layers, there arises a transverse velocity
component parallel to the wall, and the component is not zero at
the wall. Therefore, the inner leg of Johnston’s triangular plot for
calculating cross flow in three-dimensional boundary layers is
used to represent the cross-directional velocity component [15].
Similar to the velocity in the streamwise direction, the turbulent
kinetic energy and the eddy viscosity are, respectively, assumed
to be a Gaussian distribution as shown below [8].

kðrÞ ¼ kmax expf� ln 2ðr=rcÞ2g ð11Þ
mtðrÞ ¼ mt max expf� ln 2ðr=rcÞ2g ð12Þ

And the rate of dissipation is given by

e ¼ Clk2
=mt ð13Þ

The maximum values of the eddy viscosity and the turbulent kinetic
energy vtmax = 100v and kmax ¼ 0:05U2

1 are obtained from the for-
mula of Owen [16].

The half-delta-wing vortex generators and the installed
shape of them used in the experiment of Pauley and Eaton
[6] are shown in Fig. 1. The vortex generators have a chord
length (C) of 5 cm and semi-span (b) of 2 cm at an angle of at-
tack (a) of �18�. The Reynolds number based on the chord
length of the half-delta wing is 55,000. The working fluid is
air and the freestream velocity is U1 = 16 m/s. The position of
the vortex core is determined by referring to the a/b ratio of
the delta-wing vortex generator and to a study of Lowson
[17], which examined the position and form of the vortices
by visualizing them. The Y and Z positions of the vortex center
are 0.24C and 0.32C, respectively. Fig. 2(a) shows the physical
region. Fig. 2(b) illustrates the computation domain and the
boundary conditions. For the computations of the flow field,
the symmetric conditions are used for the left, right, and top
faces, and the Neuman conditions for the downstream region.
The inlet conditions just behind the vortex generators
(X = 56.3 cm) are given by Eqs. (9)–(13). The no-slip conditions
are used in the wall, and the turbulent kinetic energy in the
wall (kw) is zero. For the temperature boundary conditions,
the symmetric conditions are used for the left, right, and top
faces, and the Neuman conditions for the downstream. The inlet
temperature condition is constant. Also, the bottom condition is
defined as follows:



Z(cm)

C
f/2

(x
10

00
)

-16 -12 -8 -4 0 4 8 12 16
1.0

1.5

2.0

2.5

3.0

X=97cm
X=142cm
X=188cm
Pauley & Eaton(97cm)

Symbol Legend

Z(cm)

S
t(

x1
00

0)

-16 -12 -8 -4 0 4 8 12 16

2.0

3.0

4.0
X= 97cm
X=142cm
X=188cm
Pauley & Eaton (97cm)
Pauley & Eaton(142cm)
Pauley & Eaton(188cm)

Symbol Legend

Fig. 4. Spanwise distributions of skin friction and Stanton number at X = 97, 142
and 188 cm: (a) skin friction; (b) Stanton number.
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Tw ¼
_q
k

yp þ Tp for yþ 6 11:63 ð14Þ

Uþ ¼ U
U�
¼ Uffiffiffiffi

sw
q

q ð15Þ

qCpðTw � TpÞU�
_q

¼ PrtðUþ þ PÞ for yþ P 11:63 ð16Þ

where y+ and U+ are the distance and velocity from the wall nondi-
mensionalized by the viscosity m, the density q, the friction velocity
U*, k is the thermal conductivity for air, and yp and Tp are the dis-
tance and temperature from wall to the first grid point, respectively.
The Pee-function P is correlated from pipe flow data by Jayatilleke
[18] as

P ¼ 9:24½ðPr=PrtÞ
3
4 � 1�½1þ 0:28 expð�0:07Pr=PrtÞ� ð17Þ

where the molecular and turbulent Prandtl numbers, Pr and Prt, are
0.7 and 0.9 for air, respectively.

For X, Y, and Z, the calculation grid point is chosen as
47 � 80 � 57. In addition, the constant heat flux at the bottom wall
and the temperature difference between the wall and freestream
are the same as the experimental conditions. The constant heat
flux and the temperature difference are taken as _q ¼ 817 W=m2

and 20 �C, respectively [6].

3. Results and discussion

The contours of secondary velocity vector among obtained re-
sults, such as velocity vector, turbulence kinetic energy, and ther-
mal boundary layer, are show in Fig. 3 because of limited space.
Fig. 3 illustrates the secondary velocity vector in the streamwise
direction. The upwash flow occurs in the central plane (Z = 0 cm),
and the downwash flow occurs outside the center plane. With
the vortices developing, the magnitude of the velocity vectors de-
creases. The distance between the vortices does not almost change,
but the lifting of the vortices from the wall increases conspicu-
ously. As the vortices move further downstream, they are con-
vected from the wall by the strong interaction between the
vortices that move to the central plane. As a result, the vortices
move up from the wall, and the shape of vortices becomes an el-
lipse in the vertical direction. Also the general features of turbu-
lence kinetic energy and thermal boundary layer are well
reproduced in the experimental data of Pauley and Eaton [6].

The skin friction and heat transfer coefficients in the stream-
wise direction are shown in Fig. 4. The values of the skin friction
coefficients are larger than those of the heat transfer coefficients.
In the further downstream, the positions of the maximum values
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Fig. 3. Secondary velocity vectors at X = 66, 97, and 142 cm.
of the skin friction and heat transfer coefficients show little change.
In the case of the skin friction, the maximum value of the skin fric-
tion coefficient obtained from the computation is predicted about
7% lower than that from the experiment at X = 97 cm. In the case
of the Stanton number, the maximum value of the Stanton number
obtained from the computation is predicted about 6%, 7%, and 5.2%
higher than that from the experiment at X = 97 cm, 142 cm, and
188 cm, respectively. This may be caused by the isotropic assump-
tion of the eddy viscosity model. Another reason may be inappro-
priate specification of the inlet boundary conditions through the
vortex model. Nevertheless, the present result is assumed to well
predict the experiment result.
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The streamwise distributions of the Stanton number on differ-
ent spanwise locations are shown in Fig. 5. In the range X 6 120 cm
the streamwise profiles of the Stanton number decrease rapidly.
Proceeding downstream from here, they decrease gradually. In
the range X P 135 cm the difference between the maximum and
minimum values (Z = 0 cm) remains nearly constant. Also, there
is little difference between the spanwise average Stanton number
and that of Z = 20 cm in the whole region of the streamwise
direction.

Fig. 6 shows that the St � Re�D correlation of the present study is
compared to a two-dimensional correlation based on the enthalpy
thickness Reynolds number, St ¼ 0:0125Re�0:25

D Pr�0:5[6,19]. In the
present study, the correlation of the Stanton number and the Rey-
nolds number based on the spanwise average enthalpy thickness is
given by

St ¼ 0:00673Re�0:158
�D Pr�0:5 ð18Þ

The influence of the common-flow-up pair on heat transfer
enhancement is maintained at the downstream location 30 times
as large as the chord length of the vortex generators. In comparison
with the two-dimensional correlation, the heat transfer rate caused
by the common-flow-up pair is enhanced about 12.2% and 8.3% in
the Stanton number over that of a plane channel at the start and
end points, respectively. It is observed the decrement of heat trans-
fer in the streamwise direction decreases gradually due to the effect
of vortex generators, compared with the two-dimensional correla-
tion. In addition, since the ratio of a frontal area of the vortex gen-
erators to a cross-sectional area of the test section is about 0.0039,
the pressure drop caused by the vortex generators is not large en-
ough to consider the pressure loss penalty.

4. Conclusion

Effects of the common-flow-up pair produced by vortex gener-
ators in a rectangular channel flow on fluid flow and heat transfer
are numerically investigated.

In the case of flow field, the boundary layer is thinned in the re-
gion where the secondary flow is directed toward the wall and
thickened where it is directed away from the wall. The interaction
between the vortices becomes very strong while the interaction
among the vortices and the boundary layers becomes very weak.
As the common-flow-up pair develops, their lifting effect from
the bottom wall increases more and more.

In the case of heat transfer, the distortion of thermal boundary
layer is not as strong as the distortion of hydraulic boundary layer.
The influence of the common-flow-up pair on heat transfer enhance-
ment is maintained at the downstream location 30 times as large as
the chord length of the vortex generators, and the correlation of the
Stanton number and the Reynolds number based on the spanwise
average enthalpy thickness is given by St ¼ 0:00673Re�0:158

�D Pr�0:5.
In comparison with the experiment of Pauley and Eaton, although
some discrepancies are observed near the center of the vortex core,
the overall performance of the present numerical analysis is found to
be satisfactory.
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